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A 2D simulation study of Langmuir, whistler, and cyclotron maser
instabilities induced by an electron ring-beam distribution
K. H. Lee,1 Y. Omura,2 and L. C. Lee1
1Institute of Space Science, National Central University, Taoyuan, Taiwan
2Research Institute for Sustainable Humanosphere, Kyoto University, Uji, Kyoto, Japan
(Received 10 May 2011; accepted 29 July 2011; published online 16 September 2011)
We carried out a series of 2D simulations to study the beam instability and cyclotron maser
instability (CMI) with the initial condition that a population of tenuous energetic electrons with a
ring-beam distribution is present in a magnetized background plasma. In this paper, weakly
relativistic cases are discussed with the ring-beam kinetic energy ranging from 25 to 100 keV. The
beam component leads to the two-stream or beam instability at an earlier stage, and the beam mode
is coupled with Langmuir or whistler mode, leading to excitation of beam-Langmuir or beam-
whistler waves. When the beam velocity is large with a strong beam instability, the initial ring-beam
distribution is diffused in the parallel direction rapidly. The diffused distribution may still support
CMI to amplify the X1 mode (the fundamental X mode). On the contrary, when the beam velocity is
small and the beam instability is weak, CMI can amplify the Z1 (the fundamental Z mode)
effectively while the O1 (the fundamental O mode) and X2 (the second harmonic X mode) modes
are very weak and the X1 mode is not excited. In this report, different cases with various parameters
are presented and discussed for a comprehensive understanding of ring-beam instabilities. VC 2011
American Institute of Physics. [doi:10.1063/1.3626562]
I. INTRODUCTION
The cyclotron maser instability (CMI) is an important
mechanism for radio emission processes in plasma physics
and astrophysics. Wu and Lee,1 Lee and Wu,2 and Lee et al.3
first applied CMI to the emission mechanism of auroral kilo-
metric radiation (AKR).4–6 They predicted the growth of X
and O modes while previous studies on CMI were about only
the Z mode.7–9 Wagner et al.10,11 verified the amplification of
X and O modes by carrying out a series of particle simulations
with a loss-cone distribution function. The key ingredients for
CMI are the relativistic effect on the resonance condition, res-
onance ellipses in the momentum space, and a population-
inversion distribution function providing free energy. Accord-
ing to these characteristics, there are various kinds of distribu-
tion functions that can support CMI.12–54 Pritchett18–21 and
Strangeway22,23 studied CMI with ring-like and DGH distri-
bution functions. Pritchett et al.27,28 simulated CMI with a
horse-shoe distribution function, which was recently identified
as being more similar to the true distribution function in the
AKR source region and compared the horse-shoe model with
observations.
As the cyclotron maser theory was extensively discussed,
the ring-beam problem drew the attention of scientists. Freund
et al.12 introduced a ring-beam distribution and studied the
associated CMI. Wu13 and Leroy and Mangeney14 proposed a
possible scenario for the formation of a ring-beam distribution
in quasi-perpendicular shocks. Wu et al.47 and Yoon et al.48
studied CMI with the assumption of ring-beam distribution
formed by mirror reflection of an injection of a plasma beam
accelerated by magnetic reconnection in the low corona.
Many literatures on the ring-beam CMI were published.34–51
Applications to various types of solar radio bursts and to radi-
ations of astrophysical shocks were also studied.44–50 It is
believed that a ring-beam distribution can provide an effective
radiation source for radio emissions. Kainer et al.39,45 and Lee
et al.43 studied the ring-beam CMI via 1-D simulations with
xpe=Xce > 1 and xpe=Xce ¼ 0:2, respectively, where
xpe=Xce is the ratio of electron plasma to electron cyclotron
frequency. The value of xpe=Xce is an important parameter
for CMI, and it is usually much less than unity in regions of
strong CMI.
So far, the ring-beam instabilities in most literatures
were studied via kinetic theories or 1D simulations. How-
ever, by means of such methods, one has assumed that all
waves propagate in a specific direction. Obviously, the ring-
beam problem requires a 2D solver because the two major
instabilities, CMI and the two-stream or beam instability, in
such a system take place in very different directions. The
CMI waves mainly propagate in the perpendicular and quasi-
perpendicular directions, and those of beam instability are in
the parallel and quasi-parallel directions. In order to study
the ring-beam problem, we carried out a series of 2D simula-
tions. The considered kinetic energy ranges from several to
100 keV, although the low-energy (10 keV) cases do not
show clear wave amplification and thus are not presented. In
this report, we mainly focus on physics of wave amplifica-
tion rather than applications to specific problems.
In the following, we first introduce the simulation model
and then generally discuss the simulation results. Three cases
are studied in detail as examples. In the Sec. IV, a summary
of simulation results is given.
II. SIMULATION MODEL
We use a 2D electromagnetic particle-in-cell simulation
code modified from the 1D one, KEMPO1,55,56 to study the
ring-beam problem. The simulation box lies in the x y
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plane. Periodic boundaries are applied in both directions. In
the initial condition, all particles are uniformly distributed in
the simulation box with a constant ambient magnetic field
B0 ¼ B0x^. The protons are assumed to be cold and immobile.
Particle distributions are studied in a momentum space rather
than a non-relativistic velocity space, and the term
“momentum” shall refer to “momentum per unit mass” or
“relativistic velocity u”. A ring-beam distribution function in
the cylindrical coordinates can be expressed as
frb ¼ nrbarb exp 





where u? and uk are the momentum components perpendicu-
lar and parallel to B0, respectively; ud? and udk are the ring-
beam momenta perpendicular and parallel to B0, respec-
tively; Du is a momentum dispersion of a ring-beam distribu-
tion; arb is a normalization constant. The density of a ring-
beam distribution nrb is taken to be 5% of total electron den-
sity. The background electrons are assumed to possess a
Maxwellian distribution with a thermal momentum equal to
0:05c, and the momentum dispersion of a ring-beam distribu-
tion is Du ¼ 0:025c, where c is the speed of light. Here, we
define a parameter /p ¼ tan1 ud?=udk
 
as the average pitch
angle of a ring-beam distribution. A schematic illustration of
a ring-beam distribution as well as background electrons is
drawn in Fig. 1. In the simulations, the primary parameters
used are (1) the ratio of electron plasma to electron cyclotron
frequency xpe=Xce ¼ 0:2, (2) the average pitch angle
/p¼ 15, 30, 45, 60, 75, and 90, and (3) the Lorentz factor
c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðu2d? þ u2dkÞ=c2
q
¼ 1:05, 1.1, and 1.2. The average
initial kinetic energy of ring-beam electrons with c¼ 1.05,
1.1, and 1.2 corresponds to 25, 50, and 100 keV, respec-
tively. Only these weakly relativistic cases are considered.
Other cases with c  1:02 (10 keV) do not show clear wave
amplification and thus are not discussed here. Note that, in
the following discussion, a harmonic number refers to the
absolute value of number n in the resonance condition,
kkuk þ nXce ¼ xc, where x is a wave angular frequency; kk
and k? are the parallel and perpendicular components of
wave vector k, respectively.
III. SIMULATION RESULTS
In Figs. 2(a)–2(d), the diagrams show the maximum Ex,
Ey, Ez, and Bz wave amplitude in x domain as a function of
k? and kk in different cases, where Ex is the electric compo-
nent parallel to B0; Bz and Ez are purely transverse compo-
nents. In Fig. 2(a), (Ex), we can find intensive excitations of
beam-Langmuir (B-L) mode in the parallel direction and
beam-whistler (B-W) mode in oblique directions in cases
with /p  45, and the first harmonic O (O1) mode can be
observed with low intensity in cases with /p¼ 45, 60, and
75. In Fig. 2(b), (Ey), we can find intensive excitations of
beam-whistler mode in oblique directions in cases with
/p  45; the first harmonic Z (Z1) and second harmonic X
(X2) modes can also be observed in cases with /p  60. In
Fig. 2(c), (Ez), Z1 and X2 modes can be found mainly in
cases with /p  60, and the first harmonic X (X1) mode is
found in cases with /p¼ 30 and 45. In Fig. 2(d), (Bz), we
can find the beam-whistler mode in cases with /p  45 and
the O mode in cases with /p¼ 45, 60, and 75.
Table I summarizes the unstable modes in cases with
different energies (c¼ 1.05, 1.1, and 1.2) and different initial
pitch angles (/p¼ 15, 30, 45, 60, 75, and 90). Generally, we
have CMI and beam instability in ring-beam plasma. The
beam momentum leads to the beam instability exciting the
beam-whistler and beam-Langmuir modes as in cases with
/p¼ 15 and 30. The ring momentum can support CMI
amplifying the Z, X, and O modes as in cases with /p¼ 75
and 90. The cases with /p¼ 45 and 60 are transitional ones
showing the competition between beam instability and CMI.
In the following, we use different simulation cases to
illustrate the generation of various wave modes: (1) beam-
whistler and beam-Langmuir modes, (2) X1 mode, and (3)
Z1, X2, and O1 modes. Wave modes can be distinguished
via different ways. The beam-Langmuir waves propagate
mainly in the direction parallel to B0 with strong ES energy
(Ex), and the beam-whistler waves propagate in directions
oblique to B0 with strong ES energy (Ex and Ey) and weak
EM components (Bz). The Z1 and O1 modes have phase
velocities slower and faster than c, respectively. For O-mode
waves with perpendicular propagation, the electric field is
parallel to B0 (Ex), and the magnetic field is perpendicular to
both B0 and k (Bz). The electric field of extraordinary (Z and
X) mode with perpendicular propagation is in the plane per-
pendicular to B0 (Ey and Ez), and moreover, Ez is usually
stronger than Ey.
1. Case A: c¼ 1.1 (50 keV) and /p ¼ 45
Figs. 3(a) and 3(b) show the x k analyses with hB ¼ 0
and 45 for case A, in which the Langmuir and whistler
modes are shown as eigen-modes on the left, and the
mode couplings between beam and Langmuir modes and
between beam and whistler modes are shown on the right.
FIG. 1. (Color online) A schematic illustration of a ring-beam distribution





is a ring-beam momentum and hB is a wave propa-
gation angle. In the 3D momentum space, u?1, u?2, and uk are three orthog-
onal axes, where uk is parallel to B0.
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In Fig. 3(a), the Langmuir mode on the right couples with
the beam mode causing the formation of two branches of
coupled modes in the dispersion diagram. The beam com-
ponent leads to the excitation of beam-Langmuir (B-L)
mode. The waves of lower branch are much more inten-
sive. In Fig. 3(b), the whistler mode on the right couples
with the beam mode resulting in the formation of two
branches in the dispersion diagram. The beam component
leads to the excitation of beam-whistler (B-W) mode.
The waves of lower branch are more intensive. Figs. 3(c)
and 3(d) show maximum wave amplitude of different
components in x domain as a function of k? and kk. We
can see an overall wave amplification of beam-Langmuir
and beam-whistler modes in k?  kk space, and the beam-
whistler mode can be excited over a wide range of hB.
The amplification of other wave modes will be discussed
in other cases.
2. Case B: c¼ 1.2 (100 keV) and /p ¼ 30
Figs. 4(a)–4(d) show the x k analyses with given hB,
and Figs. 4(e)–4(h) show maximum wave amplitude of dif-
ferent components in x domain as a function of k? and kk.
In case B, we can also find excitations of beam-Langmuir
FIG. 2. (Color online) Maximum (a) Ex
wave amplitude, (b) Ey wave amplitude,
(c) Ez wave amplitude, and (d) Bz wave
amplitude in x domain as a function of
k? and kk in different cases. Wave
modes, X1, X2, O1, Z1, B-L, and B-W,
are designated in the panels; B-W and B-L
refer to the beam-whistler and beam-Lang-
muir modes, respectively. The color bar is
shown at the bottom, and all panels have
the same contour scale with the norma-





Cases A, B, and C are labeled in the corre-
sponding panels.
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[Fig. 4(a)] and beam-whistler modes [Figs. 4(b) and 4(d)]
as in case A but with much higher intensity due to the
higher beam momentum of ring-beam electrons. The pres-
ence of Bz component of beam-whistler mode implies that
it is an EM mode, and its ES component is stronger than its
EM component. Fig. 4(i) shows the energy histories of
particles and different wave modes. The energy of beam-
whistler mode is higher than that of beam-Langmuir mode.
The loss of total kinetic energy is about 10% at the satura-
tion of beam modes, and most of lost kinetic energy is
transferred to the beam-whistler and beam-Langmuir
modes.
Case B also shows strong amplification of X1
mode. In Fig. 4(g), the intensive part forming a small
arc is the X1 mode. The Z1 mode in Figs. 4(c) and 4(g)
is faint, and the O1 mode can be found with low inten-
sity in Figs. 4(e) and 4(h). The X1-mode energy, in this
case, is about 0.2% of initial total kinetic energy at its
saturation as can be seen in Fig. 4(i). The amplified X1
mode is close to the X-mode cut-off frequency. These
waves are very dispersive as shown in Figs. 4(b)–4(d).
In addition, the group velocity varies from near zero at
k  0 to the speed of light at ck=Xce  1. The observed
frequency-time spectrum should have fine structures
showing a falling tone.
Fig. 5 shows the momentum distribution functions of
energetic electrons of case B at different times. The first
panel shows the initial distribution, and the second one
corresponds to the time after the saturation of beam-whis-
tler and beam-Langmuir modes. Since the X1-mode
amplification occurs around and after the saturation of
beam modes [Fig. 4(i)], the amplification of X1 mode in
this case is mainly supported by the deformed distribution
in Fig. 5(b). In Fig. 5(c), corresponding to the time after
saturation of the growth of X1 mode, we can find a strong
diffusion of energetic electrons in the direction toward
u? ¼ 0, and the diffusive pattern can be related to the res-
onance ellipses (kkuk þ nXce ¼ xc) in momentum space.
The waves corresponding to these resonance ellipses are
all X1-mode waves, and the electrons around these ellip-
ses resonate with the waves. Energy transfer between
electrons and waves occurs via wave-particle resonance
and leads to the diffusive pattern in Fig. 5(c). Due to the
highly dispersive curve of X1 mode in Figs. 4(b)–4(d)
and the X1-mode cut-off frequency higher than the cyclo-
tron frequency, a large beam velocity is needed to satisfy
both the first harmonic cyclotron resonance condition
(kkuk þ Xce ¼ xc) and the X-mode dispersion relation for
the X1-mode excitation. In other words, for the amplifica-
tion of X1 mode via the ring-beam CMI, a ring momen-
tum provides free energy, and a beam momentum brings
electrons into the resonant domain.
TABLE I. A list of unstable wave modes in different cases with different c
and /p. B-W and B-L refer to the beam-whistler and beam-Langmuir
modes, respectively; X1, Z1 and O1 represent the first harmonic X, Z, and O
modes, respectively; X2 is the second harmonic X mode. In each case, the
wave modes are listed in the sequence of their peak energies, and those
listed in parallel have comparable peak energies. Case A (c ¼ 1:1 with
/p ¼ 45), case B (c ¼ 1:2 with /p ¼ 30), and case C (c ¼ 1:1 with
/p ¼ 75) are discussed in detail as examples.
c /p 15 30 45 60 75 90
1.05
(25 keV)
B-W B-W B-W Z1 Z1 Z1
B-L B-L B-L B-W=O1 X2 X2
X1 X1 X2 O1
1.1
(50 keV)
B-W B-W B-W Z1 Z1 Z1




B-W B-W B-W Z1 Z1 Z1
B-L B-L B-L B-W X2=O1 X2
X1 Z1 B-L
X1=O1 X2=O1
FIG. 3. (Color online) Diagrams associated with
case A: (a) (b) x k spectra with given hB, and (c)
(d) maximum wave amplitude of different compo-
nents in x domain as a function of k? and kk. In
panels (a) and (b), the slope of V-like lines is the
speed of light. In panels (c) and (d), the dashed lines
designate the directions of hB of x k analyses.
All panels have the same contour scale with same
normalization as that of Fig. 2 for different wave
components, and the color bar is shown on the
right. Note that the contour scale is shifted com-
pared with Fig. 2 so that the color contour is
enhanced.
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3. Case C: c¼ 1.1 (50 keV) and /p¼ 75
Figs. 6(a)–6(d) show the x k analyses with hB ¼ 90, and
Figs. 6(e)–6(h) show maximum wave amplitude of differ-
ent components in x domain as a function of k? and kk.
Fig. 6(i) shows the energy histories of particles and differ-
ent wave modes. In case C, the Z1 mode is dominant as
shown in Fig. 6(i) and can be found with strong intensity in
Figs. 6(c) and 6(g). However, the Z1 mode cannot propa-
gate into a field-free region without mode conversion,51–54
which could highly decrease the emission efficiency. Since
we consider a uniform simulation system, the mode con-
version is not discussed here. The X2 and O1 modes can
be found in Figs. 6(c) and 6(g) and Figs. 6(a)–6(h), respec-
tively. They have wave intensities of the same order of
magnitude and are much weaker than the Z1 mode [Fig.
6(i)]. These Z1-, X2-, and O1-mode waves propagate
mainly in the perpendicular and quasi-perpendicular direc-
tions. In Fig. 6(i), the loss of total kinetic energy at the end
of the simulation is about 4.7%; the Z1-, X2-, and O1-
mode energies are about 4.6%, 0.06%, and 0.03% of initial
total kinetic energy, respectively. For overtone modes, only
the X2 mode can be observed, while the O2 mode is too
weak to be of importance.
Fig. 7 shows the momentum distribution functions of
energetic electrons of case C at different times. Figs. 7(a)–
7(c) correspond to the initial condition, the time after the sat-
uration of Z1, X2, and O1 modes, and the last time step of
simulation, respectively. Since the initial ring momentum is
much larger than the beam momentum, a vigorous CMI and
a strong diffusion of ring-beam distribution in the direction
towards u? ¼ 0 as shown in Figs. 7(b) and 7(c) are expected
FIG. 4. (Color online) Diagrams associated with case B: (a) (b) (c) (d) x k spectra of different components with given hB; (e) (f) (g) (h) the same diagrams
as those labeled case B in Fig. 2; (i) time history of decrement of total kinetic energy (DEk), and energy histories of different wave modes. In panels (a), (b),
(c), and (d), the slope of V-like lines is the speed of light. In panels (e), (f), (g), and (h), the dashed lines designate the directions of hB of x k analyses, and
the rectangles designate the range of k? and kk of waves corresponding to the wave energy histories. The color bar is shown at the bottom, and all panels have
the same contour scale with same normalization as that of Fig. 2 for different wave components. The energy histories are normalized to the initial total energy.
FIG. 5. (Color online) Momentum distribution functions f u?; uk
 
of ener-
getic electrons of case B at (a) t¼ 0, (b) t¼ 395 X1ce , and (c) t¼ 1095 X1ce ,
corresponding to the initial condition, the time after the saturation of beam-
whistler and beam-Langmuir modes, and after the saturation of X1 mode,
respectively. In panel (c), the resonance ellipses of waves with large Ez
found in the spectra of case B are plotted.
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from the resonance conditions associated with the kinetic
theory of CMI. The loss of perpendicular kinetic energy con-
tributes mostly to the Z1-mode waves. In Fig. 7(c), the reso-
nance ellipses (kkuk þ nXce ¼ xc) in momentum space are
plotted, and the corresponding waves are all Z1-mode waves.
The diffusive pattern of energetic electron distribution is
related to these resonance ellipses. Energy transfer between
electrons and waves occurs via wave-particle resonance and
leads to the diffusive pattern in Figs. 7(b) and 7(c).
IV. SUMMARY
We carried out a series of 2D simulations to study CMI
with the initial condition that a tenuous ring-beam distribu-
tion is present in magnetized plasma with xpe=Xce ¼ 0:2.
Table I shows the unstable wave modes in different cases.
The simulation results can be summarized as following. (1)
The beam component of a ring-beam distribution excites
the ES beam-Langmuir and EM beam-whistler modes, and
these modes dominate in cases with /p  45. (2) For the
amplification of X1 mode via the ring-beam CMI, a ring
momentum provides free energy and a large beam momen-
tum brings electrons into the resonant domain. (3) In cases
with /p  60, the Z1 mode dominates and is amplified
effectively via CMI due to a large ring momentum while
the X2 mode is relatively weak. (4) The O1 mode can be
observed in cases with /p¼ 45, 60, and 75, although its in-
tensity is not high.
FIG. 6. (Color online) Diagrams associated with case C: (a) (b) (c) (d) x k spectra of different components with hB ¼ 90, (e) (f) (g) (h) the same diagrams
as those labeled case C in Fig. 2, (i) time history of decrement of total kinetic energy (DEk) and energy histories of different wave modes. In panels (a), (b),
(c), and (d), the slope of V-like lines is the speed of light. In panels (e), (f), (g), and (h), the rectangles designate the range of k? and kk of waves corresponding
to the wave energy histories. The color bar is shown at the bottom, and all panels have the same contour scale with same normalization as that of Fig. 2 for dif-
ferent wave components. The energy histories are normalized to the initial total energy.
FIG. 7. (Color online) Momentum distribution
functions f u?; uk
 
of energetic electrons of case C
at (a) t¼ 0, (b) t¼ 745 X1ce , and (c) t¼ 1280 X1ce ,
corresponding to the initial condition, the time after
the saturation of CMI modes, and the last time step
of simulation, respectively. In panel (c), the reso-
nance ellipses of waves with large Ez found in the
spectra of case C are plotted.
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In previous studies of ring-beam CMI based on linear
theory or 1D simulations, it was shown that the O mode
could also be amplified with a high growth rate.41–43 How-
ever, our simulation result is different from the previous
ones. The O1 mode can only be found with low intensity in
cases with /p¼ 45, 60, and 75, and the O2 mode is too weak
to be of importance.
Finally, let us briefly discuss the difference between the
planetary radio emission model and our ring-beam model. In
the studies of AKR and other planetary kilometric radiations
originating from polar regions, the density of energetic elec-
trons is assumed to be dominant.17,18,20–23 In those cases, the
linear dispersion relations in the plasma are affected by the
energetic electrons, and the relativistic effect may make the
X-mode cut-off frequency lower than the relativistic cyclotron
frequency, which makes the amplification of X1 mode possi-
ble even with zero beam velocity. In our model, however, the
density of energetic ring-beam electrons is much smaller than
that of background low-energy electrons, and the background
electrons determine the eigen-modes of plasma while the ring-
beam electrons control the resonance excitation. In such a
case, for the amplification of X1 mode, a large beam momen-
tum is needed to satisfy both the first harmonic cyclotron reso-
nance condition and the X-mode dispersion relation.
In this report, we briefly present the 2D simulation
results associated with our ring-beam model. A further com-
plete study of ring-beam instabilities will be conducted with
a strongly relativistic effect and higher values of xpe=Xce.
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